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Abstrat
We extend the semilassial theory of sarring of quantum eigenfuntions ψn(q)
by lassial periodi orbits to inlude situations where these orbits undergo generi
bifurations. It is shown that |ψn(q)|2, averaged loally with respet to position q
and the energy spetrum {En}, has struture around bifurating periodi orbits with
an amplitude and length-sale whose ~-dependene is determined by the bifuration
in question. Speially, the amplitude sales as ~
α
and the length-sale as ~
ω
,
and values of the sar exponents, α and ω, are omputed for a variety of generi
bifurations. In eah ase, the sars are semilassially wider than those assoiated
with isolated and unstable periodi orbits; moreover, their amplitude is at least as
large, and in most ases larger. In this sense, bifurations may be said to give rise to
supersars. The ompetition between the ontributions from dierent bifurations
to determine the moments of the averaged eigenfuntion amplitude is analysed. We
argue that there is a resulting universal ~-saling in the semilassial asymptotis of
these moments for irregular states in systems with a mixed phase-spae dynamis.
Finally, a number of these preditions are illustrated by numerial omputations for
a family of perturbed at maps.
∗
Short title: Bifurations and sarring
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1 Introdution
One of the main goals in quantum haology has been to determine the link between
lassial periodi orbits and quantum spetral utuations in the semilassial limit. In
fully haoti systems, where the periodi orbits are isolated and unstable, this onnetion
is embodied in Gutzwiller's trae formula (Gutzwiller 1971), and in integrable systems by
a orresponding expression involving the phase-spae tori (Berry & Tabor 1976). These
formulae fail, by diverging, when periodi orbits bifurate; that is, when ombinations of
stable and unstable orbits ollide and transmute, or annihilate, as a system parameter
varies  phenomena that haraterize dynamis in the mixed regime. They must then
be replaed by transitional or uniform approximations whih interpolate through the
bifuration (Ozorio de Almeida & Hannay 1987; Tomsovi et al. 1995; Ullmo et al. 1996;
Sieber 1996; Shomerus & Sieber 1997; Shomerus 1998; Sieber & Shomerus 1998).
That individual orbit bifurations an have an important, and sometimes dominant
inuene on spetral statistis was pointed out by Berry et al. (1998), and demonstrated
for a partiular example, the perturbed at maps. More generally, Berry et al. (2000)
developed a semilassial theory for the ompetition between the various generi bifur-
ations found in Hamiltonian systems to determine the moments of the quantum energy
level ounting funtion. This suggests that these moments diverge in a universal way,
haraterized by ertain twinkling exponents, as ~→ 0.
A seond major goal of quantum haology has been to understand the inuene of
lassial periodi orbits on quantum wavefuntions in the semilassial limit. It was rst
notied by MDonald (MDonald 1983) that individual eigenfuntions an have enhaned
intensity along short periodi orbits in lassially haoti systems. This phenomenon was
later studied systematially by Heller (Heller 1984), who alled suh strutures sars. He
developed a theory of sarring, based on wavepaket dynamis, whih has subsequently
been extended to desribe a variety of statistial properties of quantum haoti eigenfun-
tions (Kaplan 1999).
An alternative theory of sarring, based on an approah losely related to the trae
formula, was initiated by Bogomolny (Bogomolny 1988). In this, the semilassial ap-
proximation to the energy-dependent Green funtion is used to show that for quantum
eigenfuntions ψn(q) orresponding to energy levels En in a xed energy range,
〈|ψn(q)|2〉,
where 〈· · · 〉 denotes an average over the states in question and loally over position q, has
omplex-Gaussian fringes with, in two-degree-of-freedom systems, amplitude and length-
sale of the order of ~
1/2
around unstable periodi orbits. A orresponding theory for
Wigner funtions was developed by Berry (1989).
We emphasize two limitations of the theories mentioned above. First, they only de-
sribe sarring in eigenfuntions that have been averaged over an energy interval whih,
semilassially, ontains a large number of states. Resummation tehniques have been
applied to provide some information about individual eigenfuntions (Agam & Fishman
1994; Fishman et al. 1996), but a detailed understanding of the phenomenon in this
ase remains to be developed. Seond, they onentrate speially on the inuene of
periodi orbits whih are isolated and unstable. (Semilassial theories desribing the
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onnetion between quantum wavefuntions and phase-spae tori in lassially integrable
systems have also been developed; see, for example, Berry 1983 for a detailed review.)
Our purpose here is to address the seond of these limitations. Speially, our aim
is to show how Bogomolny's theory an be extended to inlude the desription of semi-
lassial strutures in quantum eigenfuntions assoiated with generi lassial periodi
orbit bifurations in systems with two degrees of freedom. We fous in partiular on
the ~-dependene of the amplitude and length-sale of the fringes orresponding to those
identied by Bogomolny. Our main result is that the amplitude is of the order of ~
α
,
and the length-sale is of the order of ~
ω
, where α and ω are bifuration-dependent sar
exponents whose values we alulate in a number of dierent ases. Cruially, ω < 1/2
for all the bifurations studied, and for most α < 1/2 as well. In this sense, bifurations
may be said to give rise to supersars. In order to quantify this, we determine the way in
whih bifurating orbits ontribute, via a ompetition, to the semilassial asymptotis
of the moments of
〈|ψn(q)|2〉, in the same way as was done for spetral utuations by
Berry et al. (2000). It is argued that this ompetition results in universal ~-salings of the
moments for the irregular eigenfuntions of systems with mixed phase-spae dynamis.
Finally, as an example, we apply some of the tehniques developed to study the inuene
of one partiular bifuration on the eigenfuntions of a family of quantum perturbed at
maps.
2 Sar Formulae
Our aim in this setion is to derive semilassial sar formulae for bifurating periodi
orbits whih generalize those obtained in Bogomolny (1988) for unstable orbits far from
bifuration.
We begin, following Bogomolny, with the energy-dependent Green funtion
G(q′,q;E) =
∑
n
ψ∗n(q
′)ψn(q)
E − En , (1)
where ψn(q) is the eigenfuntion of the quantum Hamiltonian orresponding to the energy
level En. The identity we seek to exploit follows from setting q
′ = q:
∑
n
|ψn(q)|2 δε (E − En) = −1
π
ImG(q,q;E + iε). (2)
Here, δε(x) is a normalized, Lorentzian-smoothed δ-funtion of width ε. (It is straightfor-
ward to transform (2) to give dierently smoothed δ-funtions, for example Gaussians.)
The left-hand side of (2) thus orresponds to a sum over eigenstates for whih En lies
within a range of size of the order of ε entred on E. Semilassially, it is approximately
the average of |ψn(q)|2 with respet to these states multiplied by d(E), the mean level
density. For systems with two-degrees-of-freedom
d(E) ∼ V (E)
(2π~)2
(3)
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as ~→ 0, where
V (E) =
∫
δ(E −H(p,q))d2qd2p (4)
and H(p,q) is the lassial Hamiltonian.
The onnetion with lassial mehanis is ahieved using the semilassial approxi-
mation to the Green funtion. For systems with two-degrees-of-freedom, this is
G(q′,q;E) ≈ 1
i~
√
2πi~
∑
γ
√
|Dγ| exp
{
i
~
Sγ(q
′,q;E)− iπ
2
νγ
}
, (5)
where the sum inludes all lassial trajetories from q to q′ at energy E, Sγ is the ation
along the trajetory labelled γ,
Dγ = det
(
∂2Sγ
∂q′∂q
∂2Sγ
∂q′∂E
∂2Sγ
∂E∂q
∂2Sγ
∂E2
)
, (6)
and ν is the Maslov index (Gutzwiller 1990). When q′ = q, the sum in (5) is learly over
losed orbits.
We note in passing that it follows from (2) that
∑
n
δε(E − En) = −1
π
Im
∫
G(q,q;E + iε)d2q. (7)
Substituting in the losed orbit sum for G(q,q;E+iε) and integrating term-by-term using
the method of stationary phase leaves ontributions from the periodi orbits. Assuming
these are all isolated, as is the ase for hyperboli systems, the result is the trae formula
(Gutzwiller 1971)
∑
n
δε(E − En) ≈ d(E) + 1
π~
∑
p
∞∑
r=1
Tp√∣∣det (Mrp − I)∣∣ ×
cos
(
rSp
~
− rνpπ
2
)
exp
[
−εrTp
~
]
, (8)
where p labels primitive periodi orbits with period Tp and monodromy matrix Mp, and r
labels repetitions. As noted in the Introdution, this formula fails at bifurations, where
det (Mrp − I) = 0. Assuming that the periodi orbits lie in families whih form tori in
phase spae gives the orresponding expression for integrable systems (Berry & Tabor
1976).
Bogomolny's sar formula follows not from integrating over all positions q, as in (7),
but from performing a loal average of (2) with respet to q (we postpone speifying the
size of the averaging range until after the result has been stated), whih we take to be
smooth (onvolution with a normalized Gaussian, for example). On the left-hand side this
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gives, approximately, d(E)
〈|ψn(q)|2〉, where 〈· · · 〉 denotes a ombination of the spetral
average desribed above and the loal q-average. On the right-hand side, the q-average
selets from the losed orbits those that are lose to periodi orbits (i.e. for whih the
hange in momentum after return is appropriately small). These an then be desribed
by linearizing about the periodi orbits. Essentially, this orresponds to expanding the
ation up to terms whih are quadrati in the distane from the periodi orbit. The result
is that
∑
n
〈|ψn(q)|2〉
q
δǫ(E − En) ≈ 1
(2π~)2
Ω(q;E)−
1
π~3/2
Im
1
i
√
2πi
∑
p
∞∑
r=1
1
|z˙|
√[
Mrp(z)
]
12
×
exp
[
i
~
(
rSp +
1
2
det
(
Mrp − I
)
[
Mrp(z)
]
12
y2 − rνpπ
2
)]
exp
[
−εrTp
~
]
, (9)
where z is a oordinate along a given periodi orbit and y is a oordinate transverse to
it,
[
Mrp(z)
]
ij
denotes the elements of the monodromy matrix (whih are funtions of z),
z˙ is the veloity along the periodi orbit, and
Ω(q;E) =
∫
δ(E −H(p,q))d2p. (10)
This in turn implies that
〈|ψn(q)|2〉 ≈ Ω(q;E)
V (E)
− 4π
√
~
V (E)
Im
1
i
√
2πi
∑
p
∞∑
r=1
1
|z˙|
√[
Mrp(z)
]
12
×
exp
[
i
~
(
rSp +
1
2
det
(
Mrp − I
)
[
Mrp(z)
]
12
y2 − rνpπ
2
)]
exp
[
−εrTp
~
]
. (11)
Equation (11) is Bogomolny's sar formula. In lassially ergodi systems, the rst
term represents the quantum-ergodi limit of the eigenfuntion probability density (Shnirelman
1974, Colin de Verdière 1985, Zeldith 1987). The seond desribes omplex Gaussian
fringes (the y-dependent part), with length-sale and amplitude both of the order of ~1/2,
assoiated with eah periodi orbit. This struture will be resolved if the loal q-average
is over regions whose dimensions are small ompared to the length-sale of the fringes;
that is, over regions whose dimensions sale as ~
δ
, where δ > 1/2. In order for the near-to-
periodi-orbit approximation to be valid, we must also have δ < 1; that is, the dimensions
of the averaging range must be large ompared to a de Broglie wavelength.
The trae formula (8) an be reovered from (9) by integrating over z and y. The
z-integral gives the period in the amplitude of the periodi orbit ontributions, and the
y-integral gives the determinant. Note that the power of ~ in the trae formula amplitude
is the amplitude exponent in (9), −3/2 (whih in turn is equal to the amplitude exponent
in (11) minus two  the exponent in d), plus the length-sale exponent of the fringes, 1/2.
5
The approximations (9) and (11) break down in two ways. First, at self-foal points
along an orbit
[
Mrp
(
z)]12 = 0 and the amplitude diverges. This an be remedied straight-
forwardly using Maslov's method, and we will not onern ourselves further with it here.
Seond, when an orbit bifurates det (Mrp − I) = 0, and so the formulae beome y-
independent. Essentially, this means that the fringes are innitely wide (it is this innity
whih, upon integration with respet to y, transfers itself to the amplitude in the trae
formula). Our purpose in this paper is to show how to orret (9) and (11) in this ase.
It might be thought that the sar formulae for bifurating orbits ould be obtained eas-
ily by expanding the ation in (5) to higher order than quadrati. For some of the simpler
bifurations (e.g. the odimension-one bifurations of orbits with r = 1 and r = 2) this is
orret (see the example in Setion 4). However, for more ompliated bifurations it is
inorret, beause for these the linearized map Mrp is equal to the identity, whih annot
be generated by the ation S(q′,q;E). Thus it is diult to build into the semilassial
expression for the qq′-representation of the Green funtion a well-behaved desription
of the nonlinear dynamis whih the linearized map approximates. The solution to this
problem, originally proposed in Ozorio de Almeida & Hannay (1987), is to transform the
Green funtion to a mixed position-momentum representation, and this is the approah
we now take.
The Ozorio de Almeida-Hannaymethod involves, rst, Fourier transformingG(q′,q;E)
with respet to q′. This gives the Green funtion in the q p′-representation, G˜(p′,q;E)
(p′ is the momentum onjugate to q′). The semilassial approximation to G˜ takes the
same form as (5), exept that S(q′,q;E) is replaed by the q p′-generating funtion
S˜(p′,q;E). G(q′,q;E) may then be rewritten, semilassially, as the Fourier transform
of this expression with respet to p′. (For an alternative approah leading to the same
nal answer, see Sieber 1996). The result, for the semilassial ontribution to G(q,q;E)
from losed orbits in the neighbourhood of a bifurating periodi orbit, takes the following
form.
Consider the ase of a odimension-K bifuration of a periodi orbit with repetition
number r. As before, let z be a oordinate along the orbit at bifuration, let y be
a oordinate transverse to it, and let py be the momentum onjugate to y, so that y
and py are loal surfae of setion oordinates. Let Φr,K(y, py,x) be the normal form
whih orresponds to the loal (redued) generating funtion in the neighbourhood of
the bifuration (Arnold 1978; Ozorio de Almeida 1988), where x = (x1, x2, · · · , xK) are
parameters ontrolling the unfolding of the bifuration. Then, up to irrelevant fators,
the ontribution to G(q,q;E) is
Gr,K(y;x) =
1
~2
∫
exp
[
i
~
Φr,K(y, py,x)
]
dpy (12)
(as already stated, we are here interested in determining the ~-dependene of the ampli-
tude and length-sale of the assoiated fringes, and so have negleted terms in (12), suh
as an ~-independent fator in the integrand, whih do not inuene these).
Before proeeding further, we make three remarks about (12). First, the power of ~
outside the exponential arises from adding 1/2, whih omes from the Fourier transform,
to the exponent in (5), 3/2. Seond, the representation used in Berry et al. (2000) for
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the utuating part of the spetral ounting funtion may be derived from (12) by taking
the trae of Gr,K , whih involves integrating the right-hand side of (12) with respet to y
(the z-integral is trivial, as before), and then integrating with respet to E resulting in
a further multipliation by ~. Likewise, the formulae of Ozorio de Almeida and Hannay
(1987) orrespond to taking the trae of Gr,K, keeping the terms we have negleted. Third,
the ~-dependene of the fringes in Bogomolny's sar formula for unstable periodi orbits
far from bifuration an be reovered using the appropriate normal form:
Φr,0 = p
2
y + y
2, (13)
whih orresponds to a partiular, ~-independent hoie of units for py and y. Evaluating
the integral then gives
Gr,0(q) ∝ 1
~3/2
exp
(
i
y2
~
)
, (14)
as in (9).
Equation (12) is the starting point for the analysis of bifurating orbits. Our strategy
is essentially the same as that used in Berry et al. (2000) to study the related utuations
in the spetral ounting funtion (see also Berry 2000 for a review of appliations to other
areas in wave physis): rst, resale y and py to remove the 1/~ fator from the dominant
term (germ) of Φr,K in the exponent, and then apply a ompensating resaling of the
parameters x1, x2, · · · , xK to remove the ~-dependene from the other terms whih do not
vanish as ~→ 0. This will lead to
Gr,K(y;x; ~) =
1
~2−αr,K
Gr,K
( y
~ωr,K
,
{ xn
~σn,r,K
}
, 1
)
. (15)
The exponent α desribes the semilassial amplitude of the fringes in
〈|ψn(q)|2〉 as-
soiated with the bifuration, and the exponent ω desribes the ~-dependene of their
length-sale, or width. We all these the sar exponents. Note that the orresponding
amplitude exponent in
∑
n
〈|ψn(q)|2〉q δε(E−En) is 2−α. The exponents σ desribe the
range of inuene of the bifuration in the dierent unfolding diretions xn. Their sum
γr,K =
K∑
n=1
σn,r,K (16)
desribes the ~-saling of the K-dimensional x-spae hypervolume aeted by the bifur-
ation.
We now alulate these exponents in a variety of examples. Consider rst the r = 1
bifurations whih orrespond to uspoid (i.e. orank 1) atastrophes. For these, the
normal forms are (Berry et al. 2000)
Φ1,K(y, py;x) = p
2
y + y
K+2 +
K∑
n=1
xny
n. (17)
7
Substituting this into (12) and evaluating the integral then gives
G1,K(y;x) ∝ 1
~3/2
exp
[
i
~
(
yK+2 +
K∑
n=1
xny
n
)]
(18)
Making the resalings y˜ = y/~1/(K+2), x˜n = xn/~
1−n/(K+2)
removes the ~-dependene of
the exponent, and so for the uspoids we have
α1,K =
1
2
, ω1,K =
1
K + 2
, σn,1,K = 1− n
K + 1
(19)
and
γ1,K =
K(K + 3)
2(K + 2)
. (20)
Analogous expressions an be written down for the r = 1 bifurations orresponding to
the more ompliated ase of atastrophes of orank 2 (see, for example, Berry 2000) in
the same way.
When r > 1, the generi bifurations withK = 1 have been lassied by Meyer (Meyer
1970, 1986; Arnold 1978; Ozorio de Almeida 1988), and those with K = 2 by Shomerus
(1998). The relevant parts of the orresponding normal forms, taken from Berry (2000)
(to whih readers are referred for further details), are summarized in Table 1 (in the
expressions given, we are retaining only those terms whih aet the exponents we seek
to alulate).
r Φr,2
2 p2y + y
6 + x1y
2 + x2y
4
3 (p2y + y
2)2 + x1(p
2
y + y
2) + x2 Re [(py + iy)
3]
4 p2yy
2 + x1(p
2
y + y
2) + x2(p
2
y − y2)2
5 Re [(py + iy)
5] + x1(p
2
y + y
2) + x2(p
2
y + y
2)2
≥ 6 (p2y + y2)3 + x1(p2y + y2) + x2(p2y + y2)2
Table 1: The relevant parts of the normal forms for K = 2 bifurations of period-r orbits
(taken from Berry 2000). The orresponding expressions for K = 1 bifurations, Φr,1,
follow from settling x2 = 1.
The orresponding sar exponents, and the hypervolume exponents γ are given in
Table 2 (K = 1) and Table 3 (K = 2).
Finally, we onsider bifurations of orbits for whih r ≥ 2K + 2. In this ase, the
relevant terms in the normal forms are (Berry et al. 2000)
Φr,K(y, py;x) = I
K+1 +
K∑
n=1
xnI
n +O(IK+2), (21)
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r αr,1 ωr,1 γr,1
2 1/2 1/4 1/2
3 1/3 1/3 1/3
≥ 4 1/4 1/4 1/2
Table 2: Sar exponents for generi, odimension-1 bifurations.
r αr,2 ωr,2 γr,2
2 1/2 1/6 1
3 1/4 1/4 3/4
4 1/4 1/4 1/2
5 1/5 1/5 4/5
≥ 6 1/6 1/6 1
Table 3: Sar exponents for generi, odimension-2 bifurations.
where
I = y2 + p2y. (22)
Expressing Φ in terms of y and py, we nd
αr,K = ωr,K =
1
2(K + 1)
(23)
and
γr,K =
K
2
(24)
(.f. the r ≥ 4 exponents in Table 2, and the r ≥ 6 exponents in Table 3).
The main point we wish to draw attention to is that, in all the ases listed above,
ω < 1/2 and α ≤ 1/2, and that in most ases α < 1/2. Reall that ω = α = 1/2 for
periodi orbits far from bifuration. In this sense, bifurations may be said to give rise to
supersars; that is, to sars that are semilassially wider, and often greater in amplitude
than those assoiated with non-bifurating orbits. We shall demonstrate this with an
expliit example in Setion 4.
The width exponent ω determines the sale for the q-average in
〈|ψn(q)|2〉 whih
allows the fringe struture to be resolved. Speially, if the dimensions of the averaging
range sale semilassially as ~
δ
, the fringe struture will be resolved if δ > ω, but not
if δ < ω. Reall that for the approximation to hold in whih the main ontribution to
the average omes from losed orbits in the neighbourood of periodi orbits, we must also
have δ < 1; that is, the average must extend over many de Broglie wavelengths.
We also note that the sar exponents satisfy
β = 1− α− ω, (25)
9
where β is the amplitude exponent of the utuations in the spetral ounting funtion
assoiated with the bifuration in question (Berry et al. 2000). This follows from a
omparison of (12) with the orresponding expression for the ounting funtion, whih, as
already noted, orresponds to integrating (12) with respet to y and multiplying by ~. It
generalizes the onnetion disussed above between the power of ~ in the trae formula for
d(E) and the amplitude and width exponents of Bogomolny's fringes for non-bifurating
orbits.
3 Moment asymptotis
One way to quantify sarring eets is in terms of the moments of the wavefuntions.
Consider the ase when all periodi orbits are isolated and unstable. We dene
C2m(~) =
1
∆q
∫ (〈
|ψn(q′)|2
〉
− Ω(q
′;E)
V (E)
)2m
d2q′ (26)
where the q′-integral is over an ~-independent volume ∆q. Note that these are the mo-
ments not of the amplitude of the wavefuntion itself, but of the amplitude averaged
with respet to position (over a region whih shrinks as ~ → 0, but whih ontains an
inreasing number of de Broglie wavelengths) and energy (semilassially many levels).
Assuming that the wavefuntions are quantum ergodi on the sale of the loal q-
average implies that C2m(~)→ 0 as ~→ 0 when m > 0. It follows from the fat that the
fringes in (11) have sar exponents α = ω = 1/2 that their individual ontributions to the
moments sale as ~
m+1/2
in this limit. The orresponding ontribution from a bifurating
orbit is of the order of ~
2mα+ω
, and so is semilassially larger. For the bifurations of
periodi orbits with r = 1 orresponding to the uspoid atastrophes we have that
µ˜m,1,K = 2mα1,K + ω1,K = m+
1
K + 2
. (27)
The values of these exponents for the generi bifurations with K = 1 and K = 2 when
r > 1 are given in Table 4 and Table 5, for m ≤ 3.
r µ˜1,r,1 µ1,r,1 µ˜2,r,1 µ2,r,1 µ˜3,r,1 µ3,r,1
2 5/4 7/4 9/4 11/4 13/4 15/4
3 1 4/3 5/3 6/3 7/3 8/3
≥ 4 3/4 5/4 5/4 7/4 7/4 9/4
Table 4: Values of µ˜m,r,1 = 2mαr,1 + ωr,1 and µm,r,1 = 2mαr,1 + ωr,1 + γr,1 for the
odimension-1 sar exponents listed in Table 2.
The moments dened by (26) are impliitly funtions of the system parameters x.
Averaging them with respet to x produes an opportunity for a ompetition between
the various generi bifurations. The ontribution of eah bifuration must be weighted
10
r µ˜1,r,2 µ1,r,2 µ˜2,r,2 µ2,r,2 µ˜3,r,2 µ3,r,2
2 7/6 13/6 13/6 19/6 19/6 25/6
3 3/4 3/2 5/4 2 7/4 5/2
4 3/4 5/4 5/4 7/4 7/4 9/4
5 3/5 7/5 1 9/5 7/5 11/5
≥ 6 1/2 3/2 5/6 11/6 7/6 13/6
Table 5: Values of µ˜m,r,2 = 2mαr,2 + ωr,2 and µm,r,2 = 2mαr,2 + ωr,2 + γr,2 for the
odimension-2 sar exponents listed in Table 3.
by the assoiated hypervolume in x-spae, and so sales as ~2mα+ω+γ , provided that the
x-average of the 2mth power of the ~-independent term in (15) exists (see Berry 1977 for
a disussion of this subtle point). For the r = 1 bifurations orresponding to the uspoid
atastrophes,
µm,1,K = 2mα1,K + ω1,K + γ1,K = m+
K + 1
2
. (28)
When r > 1, the values of these exponents for the generi bifurations with K = 1 and
K = 2 are also listed in Table 4 and Table 5. The bifuration that wins the ompetition,
and hene whih determines the rate at whih the x-averaged moments tend to zero in
the semilassial limit, is the one for whih 2mα + ω + γ is minimized; that is,
1
~µm
〈C2m(~)〉x = o(~ǫ) (29)
for any ǫ < 0, with
µm = min(2mα + ω + γ) (30)
where 〈C2m(~)〉x denotes the x-averaged moments and the minimum is with respet to
the generi bifurations. This, of ourse, assumes that the minimum exists. We now argue
that it does.
Our reasoning is based diretly on that of Berry et al. (2000), where the analogous
problem of the moments of utuations in the level ounting funtion was onsidered.
First, we note that if the ompetition is restrited to bifurations with r ≥ 2K + 2, then
min(2mα+ ω + γ) = minK
(
2m+ 1
2(K + 1)
+
K
2
)
, (31)
whih exists for any m and an be alulated straightforwardly. Seond, it was shown by
Berry at al. that eah bifuration with r ≥ 2K + 2 has a ounterpart with r < 2K + 2
with the property that the ounterpart has a normal form with the same germ, and so the
same α and ω exponents, but a larger γ exponent. Hene (31) represents the minimum
with respet to all of the generi bifurations and so
µm = minK
(
2m+ 1
2(K + 1)
+
K
2
)
. (32)
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For example, µ1 = 5/4 (oming from K = 1), µ2 = 7/4 (also oming from K = 1), and
µ3 = 13/6 (K = 2). In general µm ≈
√
2m+ 1− 1/2.
It is natural to ompare µm to the orresponding exponent for Gaussian random
funtions, whih are often taken as models of quantum haoti wavefuntions. In that
ase, the moments (26) are semilassially of the order of ~
m
. This follows from the
results of Setion IIIB of Ekhardt et al. 1995, if the operator onsidered there is the
harateristi funtion of the region over whih the loal q-average in (26) extends. The
same rate of vanishing also holds for the eigenvetors of random hermitian matries (see
Setion IIIA of Ekhardt et al.). (Readers are referred to Bäker et al. 1998 for a detailed
review of the rate of quantum ergodiity, and its haraterization by moments analogous
to those dened by (26)). Cruially, we note that µm ≤ m for m > 1, and so then, if
the bakground to the sars due to individual periodi orbits is modelled by a Gaussian
random funtion, bifurations dominate the semilassial asymptotis. The ontributions
from individual non-bifurating orbits are always subdominant.
To summarize, the exponents µm, whih are analogous to the twinkling exponents of
Berry et al (2000), determine the asymptoti saling of the parameter-averaged moments
C2m in the limit as ~ → 0 when m > 1. Note that they are universal, that is, system
independent. Note also that they are determined solely by generi bifuration proesses.
As pointed out in the Introdution, these proesses are harateristi of mixed phases-
spae dynamis, and so one might expet the exponents (32) to desribe the semilassial
deviations of the irregular (in the sense of Perival 1973) eigenfuntions in mixed systems
from their ergodi limit. (They do not desribe the regular eigenfuntions, for whih the
orresponding moments have a dierent origin, and an be alulated using the results of
Berry et al. 1983.)
4 Perturbed at maps
We now illustrate some of the general ideas desribed in the previous setions by fousing
on a partiular example: a family of perturbed at maps.
The maps we onsider are of the form(
qn+1
pn+1
)
=
(
2 1
3 2
)(
qn
pn
)
+
κ
2π
cos(2πqn)
(
1
2
)
mod 1, (33)
where q and p are oordinates on the unit two-torus, and are taken to be a position and its
onjugate momentum. These maps are Anosov systems for κ ≤ κmax = (
√
3 − 1)/√5 ≈
0.33; that is, for κ in this range they are ompletely hyperboli and their orbits are
onjugate to those of the map with κ = 0 (i.e. there are no bifurations). Outside this
range, bifurations our, stable islands are reated, and the dynamis beomes mixed
(see, for example, Berry et al. 1998, where these systems were used to demonstrate the
inuene of periodi orbit bifurations on long-range spetral statistis).
The quantization of maps like (33) was developed by Hannay & Berry (1980), when
κ = 0, and Basílio de Matos & Ozorio de Almeida (1995) for non-zero κ. The quantum
kinematis assoiated with a phase spae that has the topology of a two-torus restrits
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Plank's onstant to taking inverse integer values. The integer in question, N , is the di-
mension of the Hilbert spae of admissible wavefuntions. With doubly periodi boundary
onditions (see, for example, Keating et al. 1999), these wavefuntions in their position
representation have support at points q = Q/N , where Q takes integer values between
1 and N . They may thus be represented by N-vetors with omplex omponents. The
quantum dynamis is then generated by an N ×N unitary matrix U whose ation on the
wavefuntions redues to (33) in the lassial limit; for example
UQ1,Q2 =
1√
iN
exp
[
2πi
N
(Q21 −Q1Q2 +Q22) +
iN
2π
κ sin(2πQ1/N)
]
. (34)
This matrix plays the role of the Green funtion of the time-dependent Shrödinger equa-
tion for ows.
Denoting the eigenvalues ofU by eiθn , and the orresponding eigenfuntions by Ψn(Q),
we have that ∑
n
|Ψn(Q)|2 δε(θ − θn) = 1 + Re
∞∑
k=1
UkQ,Q exp (−iθk − εk) (35)
where
δε(x) =
1− e−ε cosx
1 + e−2ε − 2e−ε cosx (36)
is a periodized, Lorentzian-smoothed δ-funtion of width ε (Keating 1991). Equation (35)
is the analogue for quantum maps of (2). The left-hand side orresponds, approximately,
to N times the loal n-average (over a range of size of the order of ε) of |Ψn(Q)|2, and so,
dividing both sides by N and averaging smoothly with respet to Q (for example, taking
the onvolution with a normalized Gaussian) over a range large ompared to a de Broglie
wavelength (∆Q = 1) but small ompared to N ,
〈|Ψn(Q)|2〉 ≈ 1
N
+
1
N
Re
∞∑
k=1
〈
UkQ,Q
〉
Q
exp (−iθk − εk). (37)
Here 〈. . . 〉 denotes a ombination of the n-average and the Q-average 〈. . . 〉Q.
In our omputations we took ε large enough so that the dominant ontributions to
(35) and (37) ome from the k = 1 terms in the sums on the right, and so, for example,
we may substitute (34) diretly into (37). In the semilassial limit, as N → ∞, the
Q-average selets regions lose to stationary points of the phase of (34), whih we denote
by Q/N = qf . These stationary points oinide with the positions of the xed points of
the lassial map (33); that is, qf satises
qf =
1
2
(
j − κ
2π
cos(2πqf)
)
(38)
for integers j suh that 0 ≤ qf < 1 (see, for example, Boasman & Keating 1995). Ex-
panding the phase of (34) around qf gives, up to ubi terms,
UQ,Q ≈ 1√
iN
exp
[
2πiSf + πiN(2 − κ sin(2πqf))y2 − 2π
2iN
3
κ cos(2πqf )y
3
]
, (39)
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where
y =
Q
N
− qf (40)
and 2πSf denotes the phase evaluated at qf .
Provided that 2− κ sin(2πqf ) 6= 0, this approximation is dominated by the quadrati
term in the exponent when y is small. It thus desribes omplex-Gaussian fringes around
the lassial xed points with a length-sale (in terms of y) of the order of N−1/2. These
are the analogues of Bogomolny's fringes. They will be resolved if the loal Q-average is
over a range that is small ompared to N1/2 (but whih still grows as N →∞).
For the example being onsidered here, when κ < κ∗ ≈ 5.94338 the two values of j
in (38), j = 0 and j = 1, eah give rise to a single unstable xed point for whih the
ondition 2 − κ sin(2πqf) 6= 0 is satised. In Figure 1, we plot the left hand side of (35)
when κ = 3, with ε = 2.2 and for N = 1597. The struture around the xed points
is learly visible, and is most easily seen by applying the loal Q-average (in this ase,
making a onvolution with a normalized Gaussian of width 0.02).
It is at bifurations that 2−κ sin(2πqf) = 0. Then the quadrati term in (39) vanishes,
and the fringe struture omes instead from the ubi term. It thus has a y-length-sale
of the order of N−1/3. The amplitude is the same as in the ase of isolated xed points
(N−1/2 in the ontribution to 〈|Ψn(Q)|2〉). In the language of Setion 2, this orresponds
to a odimension-one bifuration of a periodi orbit with r = 1 (a tangent bifuration).
In our example, the rst bifuration ours when κ = κ∗. At this parameter value,
two new degenerate solutions of (38) appear, for both j = 0 and j = 1, orresponding to
the birth of a pair of xed points, one stable and the other unstable. In Figure 2 we plot
the left hand side of (35) with ε = 2.2 and N = 1597, as above, but now with κ = κ∗. It is
apparent that the sars around the two bifurations, at positions q = 0.05 and q = 0.44,
are wider than those around the two non-bifurating xed points, at positions q = 0.69
and q = 0.81, and that they are also wider than those shown in Figure 1. In Figure 3 we
plot the left hand side of (35) lose to the bifuration point at q = 0.44, together with the
approximation (39), whih learly aptures the details of the assoiated fringe struture.
It is straightforward now to dedue the semilassial saling with N of the moments
C2m(N) = N
2m
N∑
Q=1
(〈|Ψn(Q)|2〉− 1
N
)2m
. (41)
The arguments of Setion 3 suggest that C2m is of the order of N
−m+w
, where w = 1/2
away from bifurations and w = 2/3 at the bifuration (w is one plus the width exponents
dedued from (39), beause those were for y rather than Ny, as we need here). In Figure
4 we plot logC2 against logN when κ = 3. The fat that the points lie on a straight line
onrms that there is a power-law saling; furthermore, the gradient is lose to −1/2, as
expeted. In Figure 5, we make the same plot for κ = κ∗. In this ase the gradient is lose
to the expeted value of −1/3 (a possible explanation for the deviation is that for the
range of values of N shown, the bifuration exponent is ontaminated by the ontributions
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from the non-bifurating periodi orbits). Finally, in Figure 6 we plot
g(m) = lim
N→∞
logC2m(N)
logN
, (42)
alulated numerially from the gradients of best-tting straight lines to plots like those
in Figures 4 and 5. For both κ = 3 and κ = κ∗ the results are in aord with the saling
law suggested above.
We emphasize that these numerial omputations illustrate the inuene of one in-
dividual bifuration only. They do not test the ompetition whih would result from
averaging over a parameter range that ontains many dierent generi bifurations, and
whih the analysis of Setion 3 suggests has a universal outome for the moment expo-
nents.
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Figure 1:
∑
n |ψn(Q)|2 δε (θ − θn)−1, with ε = 2.2, κ = 3 and N = 1597 (irles onneted
by dotted lines). Also shown is a onvolution of the data with a normalized Gaussian of
width 0.02 (bold line). The positions of the xed points are q = 0.65 and q = 0.85.
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Figure 2:
∑
n |ψn(Q)|2 δε (θ − θn) − 1, with ε = 2.2, κ = κ∗ and N = 1597 (irles
onneted by dotted lines). Also shown is a onvolution of the data with a normalized
Gaussian of width 0.02 (bold line). There are unstable xed points at q = 0.69 and
q = 0.81, and bifurations at q = 0.05 and q = 0.44.
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Figure 3:
∑
n |ψn(Q)|2 δε (θ − θn)− 1, with ε = 2.2, κ = κ∗ and N = 1597, as in Figure 2,
in the neighbourhood of the bifuration at q = 0.44 (irles onneted by dotted lines).
Also shown is the loal approximation obtained by substituting (39) into (35) (bold line).
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Figure 4: logC2, alulated using a loal Q-average of size 0.02N
1/2
, plotted against logN
when κ = 3 (irles). Also shown is a best-tting straight line, whih has gradient -0.50.
22
9.8 9.9 10 10.1 10.2
log(N)
−5.1
−5.05
−5
−4.95
−4.9
lo
g(C
2)
Figure 5: logC2, alulated using a loal Q-average of size 0.02N
1/2
, plotted against logN
when κ = κ∗ (irles). Also shown is a best-tting straight line, whih has gradient -0.29.
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Figure 6: g(m) plotted against m, for κ = 3 (full irles), and κ = κ∗ (open irles). Also
shown are the best tting straight lines: g = −0.96m + 0.57 and g = −1.01m + 0.72,
respetively.
24
